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I n this discourse I propose to investigate the attractions of a very extensive class of spheroids, of which the general de scription is, that they have their radii expressed by rational and integral functions of three rectangular co-ordinates of a point in the surface of a sphere. Such spheroids may be cha racterized more precisely hi the following m anner: conceive a sphere of which the radius is unit, and three planes inter secting one another at right angles in the centre; from any point in the surface of the sphere draw three perpendicular co-ordinates to the fixed planes, and through the same point in the surface likewise draw a right line from the centre, and cut off from that line a part equal to any rational and integral function of the three co-ordinates: then will the extremity of the part so cut off be a point in the surface of a spheroid of the kind alluded t o ; and all the points in the same surface will be determined by making the like construction for every point in the surface of the sphere. The term of a rational and integral function is not to be strictly confined here to such functions only as consist of a finite number of term s; it may On the Attractions of an extensive Class of Spheroids. 4 ,7 include infinite serieses, provided they are converging ones;
and it may even be extended to any algebraic expressions that can be expanded into such serieses. This class of spheroids comprehends the sphere, the ellipsoid, both sorts of ellip tical spheroids of revolution, and an infinite number of other figures, as well such as can be described by the revolving of curves about their axes, as others which cannot be so generated.
In the second chapter of the third book of the Celeste, Laplace has treated of the attractions of spheroids of every kin d ; and in particular he has given a very ingenious method for computing the attractive forces of that class which in their figures approach nearly to spheres. In studying that work, I discovered that the learned author had fallen into an error in the proof of his fundamental theorem ; in consequence of which he has represented his method as applicable to all spheroids whatever, provided they do not differ much from spheres; whereas in truth, when the error of calculation is corrected, and the demonstration made rigorous, his analysis is confined exclusively to that particular kind, described above, which it is proposed to make the subject of this discourse. I have already treated of this matter in a separate paper, in which I have pointed out the source of Laplace's mistake, and likewise have strictly demonstrated his method for the instances that properly fall within its scope. In farther con-* sidering the same subject, it occurred to me that the investi gation in the second chapter of the third book of the Mecanique Celeste, however skilfully and ingeniously conceived, is never theless indirect, and is besides liable to another objection of still greater w eight; it does not exhibit the several terms of the series for the attractive force in separate and independent expressions : it only points out in what manner they may be derived successively, one after another; in so much that the terms of the series near the beginning cannot be found with out previously computing all the rest. This remark gave occasion to the following paper, in which it is my design to
give a solution of the problem which is not chargeable with the imperfections just mentioned: the analysis is direct, and every term of the series for the attractive force is deduced immediately from the radius of the spheroid. As the ellipsoid, which comprehends both'sorts of elliptical spheroids of revo lution, falls within the class of figures here treated of, I have derived, as a corollary from my investigation, the formulas for the attractions of that figure which are required in the theory of the e a rth : this paper therefore will contain all that is useful on the subject of the attractions of spheroids, as far as our knowledge at present extends, deduced by one uniform mode of analysis.
Having mentioned the principal object of this discourse, I must likewise notice a subordinate purpose I have in view ; it is to put in a clear light the real grounds of Laplace's me thod* and of the equivalent method delivered in the following pages; to the accomplishment of which nothing is likely to contribute so much, as a direct and rigorous analysis perspi cuously conducted. To promote the same end still farther, by preserving greater order and perspicuity in treating a subject in its own nature very complicated, this paper will be divided into two principal sections: in the first section it is proposed to lay down the analytical propositions on which the investi gation is founded: the second section will contain the solution of the problem under consideration.
One more preliminary observation it is proper to add. The problem of attractions contains two cases; when the density of the attracting body is uniform throughout; when it varies according to any given la w : it is in the first of these two cases that the chief difficulties occur; and as I have nothing new to add on the second case, I shall here confine my atten tion to homogeneous spheroids, unit being supposed to denote the density.
I.
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Preliminary Investigations,
Let
[ idenote the cosine of an angle, and let / = j r * -z r a . f i-f-a*}*;
then the truth of the following equation in partial fluxions will be proved merely by performing the operations indicated, viz.
therefore, on account of the first equation, we shall obtain by substitution, (1) will be included in the equation (2 ); whence jWn(i) it is easy to infer that whatever is proved of -by the help dp o f the equation (2 ) may be transferred to C™ by putting n = 0; a remark that will enable us to consult brevity, and of which we shall freely avail ourselves.
3.
It is now proposed to find the value of C '1* in a series of the powers of p* The equation If we take the fluxions n times successively in the last for mula, we shall obtain 
and, by rejecting that part of the fluent which is evanescent at both the limits, we have
• p • ^ = 7n r f + -' • 4*+*cW rfp , dfn+i dp r
In this last equation the expressions on both sides are entirely similar; and therefore by a repetition of the same operations we shall obtain
and exterminating the integral common to both these equa tions, we shall get 
suppose farther t h a t / = jr* -2 . y 4-J and let
it is required to expand Q , which is the same function of that Gw is of p,into a series of the cosines of <p and its mul*~ tiples,* 
This is a fundamental equation in his investigation, and it is necessary for'effecting the expansion here proposed: but we shall refer to Laplace's work for the demonstration of it.* It is plain that Q^, when it is considered as a function of p and the cosines of < p and its multiples, may be thus repre sented,, viz.
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(p + &c.
the general term of the series being ( l -.
. cos. n<p, which ought to satisfy Laplace's equation in partial fluxions:
now, having actually substituted that quantity in the equation mentioned, and having divided all the terms by cos. «<p, I have found, it is clear that they will be both equally concerned in every term of its expansion: therefore the general term of the series will be,
where C'^ is put to denote the same function of jf that does of 11; and 'jr* is a quantity that contains neither ^ nor fi', and which can only be a numeral coefficient, and is all that now remains unknown.
In order to determine /3 , we must follow the process of •J-&c.
We shall obtain the expansion of the radical by multiplying the two serieses: let pa nd q denote the r in both serieses, then the part of the expansion derived from the multiplication of the aforesaid parts, will be . A(
W hen i -n \s an even number, we have only to make p + q = 1, and p -q = nt and s = \ ; and we shall get ntp and clear of ^ and ; but the like part of
• cos. n< p (which is dp dfx the whole expression of the part of multiplied by cos. ntp) 
Investigation of the Attractions of Spheroids of a particular
.
Instead of seeking immediately the attraction of a spheroid
in any proposed direction, it will be more advantageous to investigate (as Laplace has done) the value of the expres sion (to be henceforth denoted by V ) which is the sum of the quotients produced by dividing all the molecules of the nr1 ; then will R' be the line drawn from the mole cule dM to the origin of the co-ordinates; 0/ will be the angle which R' makes with the axis of x ; and nr the angle which the projection of R' upon the plane to which x is perpendicu lar, makes with a line given by position in the same plane;
from the assumed values of x, y, z, it is easy to derive these new values, viz. 
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In this expansion B , in every case is equal to the mass of the spheroid: and with regard to the second term, Laplace has remarked that it may be made to disappear by fixing the origin of R', which is an arbitrary point, in the centre of gra vity of the spheroid. To prove this, we have
✓ 1-jua . sin. sr x 2 ; where x ,y , 2 denote as before the co ordinates of the molecule dM : therefore, by substitution, what R' becomes at the surface of the spheroid, which is the outer surface bounding the attracting matter, and let p be the radius of the inner surface; then, with respect to the m atter between the two surfaces, and for a point within them both* we shall have
In the case of i = a, the expression of the coefficient takes a particular form : for b^z s j f f and, byintegrating,
Let us now seek an expression of the force with which the whole spheroid attracts a point within the surface. For this purpose we shall suppose p.to denote the radi which completely envelops the spheroid : and we shall deter mine ; first, the value of V, relatively to the matter between the spheroid and the sphere; secondly, its value, relatively ta * Mec. Cel. Liv. 3e, No. 1.3.
the whole sphere: then the difference of these values will be the quantity proposed to be investigated.
W ith regard to the first value of V, it is to be observed that R is here the radius of the inner, and that of the outer sur face; therefore (6 ) , But I say t h a t / Q^. dpt,'. dvr1 = 0, when the fluent is extended between the proper limits: for pi, pi, and y are the cosines of the three sides of a spherical triangle, and w '-w is the angle of the same triangle opposite to the side whose cosine is y ; and if we put to denote the angle opposite to the side whose cosine is pi; then since the fluxion of the spherical sur face may be either dpd ,dv' or dy. 
V = | / / V _ R -) . d p . M -r .jj R .d j jJ . dw' . Q(l)
-r'. f f log. R . 4 . ' .
. Q(J)
Asfto the value of V for the whole sphere, it is composed of two p arts: one relative to the matter within the attracted point, which is a sphere whose radius is the distance of that point from the centre; and the other, relative to the remain ing matter of the sphere: the value of the first part is = -. r2; the value of the second part is = ± J f (f-f) x dm': therefore the whole value of V is = ~. r2-j-(p2-r2)
. dp! .
d'sr't
By taking the difference of these two values, we get this is-the value of V when the attracted point is within the spheroid; and the terms in it that are unknown depend only on the radius of the surface, as in the case when the attracted point is without the surface. and in combining these two expressions we may omit all the terms which, after multiplication, would contain the sines and cosines of the multiples of ts*\ because these, when they are integrated with regard to dW ',will be of the both the limits, on which account they will produce nothing in the value of the integral: this^being observed, the only term of which it is necessary to retain is that one contain ing cos. n (is'-ts), which may be thus written, + ^3 • U^+) + &c*}- (6) The formulas (5) and (6) t No. 13. to the other, except in deducing the same conclusion with greater clearness and expressing it with greater simplicity, and in a form better fitted to fulfil the views of the analyst.
In these respects it can hardly be denied that the procedure delivered in the preceding pages has some advantages above that of the author of the Mecanique Celeste. The analysis here given is direct; and it exhibits the several coefficients in sepa rate and independent expressions derived immediately from the radius of the spheroid. On the other hand L a pla ce' s investigation is indirect; and the coefficients are found suc cessively by decomposing the radius of the spheroid into a series of parts which follow a known law. If we now com pare the two methods with respect to the grounds on which the investigations are founded we shall not find the same agreement between them. In this paper it is admitted as a necessary hypothesis, that the radius of the spheroid must be a rational and integral function of three co-ordinates of a point in the surface of a sphere: and, in consequence, the result of the analysis is limited to spheroids of that description. L a p l a c e , grounding his investigation on a property w'hich, ac cording to his demonstration, belongs to all spheroids that differ little from spheres, seems to prove that the radius of such a spheroid cannot be an arbitrary expression, and in this inference it is necessarily implied that the radius must be such a function as we have supposed it to be.* W hat in the one and the several parts that If will consist of must be sepa rately computed, as in the analogous case already considered.
The same process will apply when the attracted point is within the surface.
To complete the plan of this discourse, it remains that
We apply the theory laid down in it to the case of the ellip soid. Let the semi-axes be k,k', k", the first being the leas of all the three; and let x,y, z, respectively parallel to the same axes, be three co-ordinates of a point in the surface:: ( 1 -^d
all the other terms, produced by the multiplication,contain sines or cosines of variable angles; on which account they vanish when they are integrated with regard to dd between the re quired limits: since s contains no other power of p/ but is i plain that every coefficient of the developement of s 2 , as A , will be an even function of p/, or will contain only even powers of that quantity: and, because i is odd, therefore C , and all its fluxions of the even orders, will be odd functions of p /:
upon the whole then the quantity under the double sign of integration will be an odd function of p/; or it will be an assem blage of the odd powers of that quantity : therefore the in tegral, between the limits p / = 1 and p / = -1, is equal to j 6
Mr. I vory the Attractions of an nothing (No. 4) . Therefore all the terms are evanescent when ii s odd.
Again I say that all the terms are evanescent when is even* i-z except when it is = 2. For in this case s 2 will be an inte ger power, and it will contain a finite number of terms which may be generally represented thus, viz.
(1 _ [j/* )t .
. Jmns of --: therefore, by a property of this sort of intedp!**' grals already demonstrated (No. 4 ), the preceding quantity is evanescent. Therefore all those terms of the series are evanescent in which i is an even num ber; but from this th e case of i = 2, when the term assumes a particular form, must be excepted.
If now we reject all the terms that have been proved to be evanescent, we shall have, for a point within or in the surface of the ellipsoid, 
